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Abstract: A simple solution of Witten’s monopole equations is given.
Witten [1] has developed a new, elegant and much simplified approach to
the Donaldson theory [2] of 4-manifolds. Instead of studying instantons of
non-abelian gauge theory, Witten’s dual approach is abelian and starts from
the monopole equations
FAB =
i
2
(MAMB +MBMA) (1a)
DAA˙MA = 0, DAA˙ = ∂AA˙ + iAAA˙ (1b)
Here both dotted and undotted spinor indices take the values 1, 2 and
are raised and lowered with the corresponding invariant Levi-Civita` tensors.
FAB are connected with the abelian field strengths Fµν by
FAB =
1
4
(σµν)ABFµν , Fµν = ∂µAν − ∂νAµ (2)
Witten noted that in flat space the equations (1) admit no L2 solutions.
We wish to point out that they nevertheless admit the following very simple
non-L2 solution
A0 = 0, ~A =
(−y, x, 0)
2r(r − z)
(3a)
(
M1
M2
)
=
1
2r
√
r(r − z)
(
x− iy
r − z
)
, (3b)
so that (
M 1
M 2
)
=
1
2r
√
r(r − z)
(
−(r − z)
x+ iy
)
. (3c)
1
It is straightforward to check that the fields (3) satisfy Witten’s monopole
equations (1) (we recall that for m,n = 1, 2, 3, (σmn)AB = ǫ
mnpσpσ2).
Notice that the potentials (3a) correspond to a singular Dirac (not to an
’t Hooft-Polyakov) monopole of minimal magnetic charge. We chose to write
these potentials with Dirac-string “showing”, rather than using sections [4].
The spinor (3b) is also a familiar object. In fact, by construction, the SU(2)
gauge transformation
Ω =
√
2r
(
M1 M 1
M2 M 2
)
, (4)
(with the M ’s given by eqs. (3b) and (3c)), is such that M = 1√
2r
ΩU , U
being the unit spinor UT = (1 0), so that this gauge transformation rotates
[5] a constant SU(2)-triplet Higgs field into a hedgehog. The spinor M thus
has the property [6] that M †~σM is a Coulomb field, which is essentially the
first Witten equation (1a) for the solution (3). What has apparently not been
appreciated previously, is the fact that this spinor also obeys the the Weyl-
Dirac equation σµDµM = 0 which is essentially the second Witten equation
(1b) for the solution (3).
The simplicity of the solution (3) (non-L2 though it is), makes it worth-
while to explore the solubility of Witten’s equations in other cases.
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